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Let

Cyclic(¢o, 91, ¢2) = O((doVP1V2)A(po — O(doUd1))A(p1 — O(@1Ud2))A(p2 — O(p2Udo)))

Suppose first that the conditions 1.-3. hold, and let & > 0 be arbitrary. Then &* = ¢V ¢1 V o,
by condition 1. Assume that ¢* |= ¢;, i € {0,1,2}. We must show that ¢**! = ¢;U¢ie1. By
condition 2, either &¥+1 = ¢; or €571 = ¢;p1. In the latter case we obtain ¥ = O(d:Udip1)
as desired. In the former case continue the construction. By condition 3 we will be able to find
some k' > k such that £¥ = O(¢ip1) and such that for all k” such that k < k" < k/, ¥ = ¢,.
It follows that & = O(¢;Ugim1) also in this case.

Conversely, assume that £ = Cyclic(¢g, 1, ¢2) as defined above. Let k£ > 0. Condition 1 is
trivially met. For condition 2, assume ¢* = ¢;. Since & = O(¢;Udip1) either 51 = ¢; or
M1 = ¢im1. For condition 3, observe that the use of the until operator forces ¢ig1 to eventually
hold for some &’ > k which is sufficient since 7 was chosen arbitrary.

An alternative, more direct, solution, is

O((¢oV o1V d2) A(po — O(doV 1)) A(d1 — O(d1VP2)) Al — O(P2Vd0)) AP AChI AOP3)

(The construction is actually in Peled already!) Let
A1 @ A2 = (Q1 % Q2,2 {((q1,92), 0, (41, 83)) | @1 == ¢, g2 == @b}, [y X Lo, Fy X F).
Suppose w = ajag...ay ... € L(A;) N L(Asg). Then there is a run of A; of the shape
ay az as an Ant1
Qo1 — Q1 ——q21 — " —Gn1 — (1)
and one of Ay of the shape
ail a as an An+1
go2 — Q12 — @22 — " —= Qn2 — - (2)

such that go1 € I1, go,2 € I2, and for infinitely many i, ¢; » € F» (we already know that ¢;1 € F}
for all 7 > 0). But then we obtain a run in A; ® Ay of the shape

an

(QO,laQU,Q) SN (C]1,1,CI1,2) -, (C]2,17Q2,2) L (Qn,van,Z) s S (3)



such that (go,1,qo0,2) € 14,4, and for infinitely many 7, (¢i1,¢i2) € Fa,04,, i-e. w € L(A1®A3).
For the converse direction, if w = ajag...a, ... € L(A; ® As) then we find an accepting run
of the shape (3). This run is split componentwise into the runs (1) and (2). Both runs will be
accepting. Thus w € L(A;1) N L(As).

Let ¢; be the command z := « + 1 ; x := z + 1 and co the program z := = + 2. We
obtain that ¢; ~ co. Too see this observe first that {¢}ci{y} iff {¢p}z := 2 + {¢[z + 1/2]}
iff = ¢ — Ylr+ 2/z] iff {¢p}ca{tp}. Let then ¢ be the command z := 0. We prove that
{true} ¢ || co {x =0V x =2}. To see this let o be an arbitrary store. If (¢ || c2, o) —=* ¢’ then
(c|| e2, o) — (", 0") — o' such that either ¢’ = ¢, 0" = o[x+2/x], hence o'(z) =0, or ¢ = ¢
and ¢” = ¢[0/z], and then ¢'(z) = 2. But the Hoare triple {true} ¢ || ¢ {x =0V z = 2} is
false, since (c || ¢1, o) —* o1 for some o1 such that o;(z) = 1.

Let:
¢1 = ~donel A (—done2 — x = 0) A (done2 — z = 1)
¢ = ~done2 A\ (—donel — x = 0) A (donel — x = 1)
1 = donel A\ (—done2 — x = 1) A (done2 — x = 2)
o = done2 \ (mdonel — x = 1) A (donel — x = 2)
The following are valid proof outlines for each of the parallel components:
{#1} (z, donel) := (z + 1,true) {¢1}
and
{p2} (z, done2) := (x + 1,true) {y2}.

The proof outlines are interference free. To check this we note that the following triples are
valid:

o {¢p2 A1} (z, done?) := (z + 1,true) {¢1}

o {¢y A1} (z, done?) := (z + 1,true) {1}

o {¢1 Ao} (z, donel) := (z + 1,true) {¢o}

o {¢1 A} ( = (

By the rule for parallel composition (Owicki-Gries) it follows that the triple

z, donel) := (x + 1,true) {12}.

{¢1 A ¢2} cobegin (z,donel) := (z+1,true) || (x,done2) := (z+1,true) coend {11 A2}



is valid. Since
o =1 =0— (41 A ¢2)[false/donel, false/ done2], and

o ):(¢1A¢2)—>$:27
it follows that {x = 0} ¢ {z = 2} is valid.

P = (@ is proven by applying the definition of observational congruence. Define the relation S
by

S={rQ)}

Note that for all CCS processes P’, P’ ~ P’. We show that S is an observational congruence
relation.

If P2 P then Q — P - P and P’ ~ P.
Symmetrically, if Q —— Q' then P —— Q —— Q' and Q' ~ Q'.
It follows that P = Q.

< a > [b]([c]false V [d] false)

We start with some abbreviations:

Sij & (TR(i)[c/b] | TR(j)[e/b] | TR(2)[c/a]\e (0 <i,j <2)
L; & (TR(i)[e/b] | 0[c/b] | TR(1)[e/a])\c (0<i<2)
R; = (0[c/b] | TR(j)[c/b] | TR(L)[e/a])\e (0<j<2)
U % (0[¢/t] | 0c/t] | TR(0)[c/a])\e

F % (0[e/t] | 0[e/b] | 0lc/a])\e



The transition graph of system S (i.e. Saz) is then:
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Finally, notice that the following binary relation R is a weak bisimulation, where Sy R TR(4).
R = {(Sij, TR(i + 7)), (Li, TR(?)), (Ry,,TR(5)), (U, TR(0)), (F,0) |0 <i,5 <2}

We conclude that S ~ TR(4).




