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Abstract

This paper presents the first dynamic routing scheme
for high-speed networks. The scheme is based on a hi-
erarchical bubbles partition of the underlying communi-
cation graph. Dynamic routing schemes are ranked by
their adaptability, i.e., the maximum number of sites to
be updated upon a topology change. An advantage of
our scheme is that it implies small number of updates
upon a topology change. In particular, for the case of
a bounded degree network it is proved that our scheme
is optimal in its adaptability by presenting a matching
tight lower bound. Our bubble routing scheme is a com-
bination of a distributed routing data-base, a routing
strategy and a routing data-base update. It is shown
how to perform the routing data-base update on a dy-
namic network in a distributed manner.
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1 Introduction

The advent of fiber-optic technology dramatically
changes the characteristics of distributed networks. It
also improves the capabilities of distributed networks
because it gives them the potential of supporting new
services such as multimedia and real-time applications.
Traditional algorithms designed for the point-to-point
classical model of distributed networks may neither fit
the new characteristics of the high-speed network nor
support the new tasks it is capable of achieving. The re-
lation between the bandwidth of a fiber-optics cable (on
the order of hundreds of Gigabit per second) and the
speed of a processor implies a bottleneck in the process
time as opposed to the communication time. Therefore,
high-speed networks use a fast switching subsystem in
order to utilize the power of the fiber optic cables.

Algorithms for basic tasks that match the new net-
work structure are of interest. In (high-speed) dis-
tributed networks messages are used for communication
between different sites. A message sent from one site
to another is transferred through the network according
to a routing scheme. The routing scheme ensures that
the message is forwarded towards its destination. The
routing scheme serves the basic communication prim-
itive in the network — message delivery. Being such
a basic component, the performance of the distributed
network as a whole may be dominated by the quality of
the routing scheme. Thus, finding an efficient routing
scheme is one of the most important tasks in distributed
networks.

Imagine a network in which users may be connected
and disconnected upon request. Users may migrate
from one geographical region to another causing a
change in the demand for services at different parts of
the network. Assume further that the network spans
the entire world and a single user (or a network junc-
tion) changes its location from one street of New York
to another: is it reasonable to update the entire net-
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work with a new routing data-base? We would not like
the entire distributed network to be updated upon each
such dynamic change. In fact we would like to minimize
the effect of a topology change as much as possible.

Beyond planned topology changes, such as users mi-
gration, some transient topology changes may take
place due to a failure of communication links or pro-
cessors. One would like the network to automatically
change the routing data-base to reflect the new topol-
ogy upon the change. The resources used by such dis-
tributed routing data-base update (messages and time)
have an inherent relation with the number of sites that
have to change their portion of the distributed routing
data-base.

We distinguish between static and dynamic routing
schemes. A static routing scheme is a combination
of a distributed routing data-base and a fitting rout-
ing strategy. The routing data-base is tailored to the
network topology. Whenever the network changes its
topology, a new distributed routing data-base is as-
signed to the network possibly changing the routing
data-base portion of each processor. A dynamic rout-
ing scheme has in addition a fitting routing data-base
update. Upon a topology change (e.g., link addition
or removal) this fitting routing data-base update would
change the distributed data-base only in a limited num-
ber of sites. We rank the dynamic routing schemes by
their adaptability, i.e., the maximum number of sites to
be updated upon a topology change. By this definition
static routing schemes are associated with adaptabil-
ity that is in the order of the number of nodes in the
network.

The efficiency of a dynamic routing scheme is mea-
sured not only by its adaptability. It is also measured by
the time and memory complexities associated with it.
The time performance is measured by a super-hop count
— the maximum (over all possible origin-destination
pairs) number of super-hops, or routing steps, needed.
(We shall define precisely the routing process in high-
speed networks and the notion of super-hops later on.)
The memory complexity is the total number of bits used
for the routing data-base’.

Previous work: Many clever routing schemes and
lower bounds for the resources required for routing in
point-to-point networks were presented in the past. Fol-
lowing the pioneering work of [KK77, KK80], which

1 Note that there is an interesting relation between the adapt-
ability and the memory requirement e.g., it is clear that the worst
case in terms of adaptability and memory requirement is when
the entire topology is stored in the memory of each processor.
Roughly speaking, both the adaptability and the memory re-
quirements gain when the processors have less information on
the system.

originated the approach of using hierarchical clustering
strategies for memory-efficient routing, came a number
of papers which attempted to characterize and bound
the resource tradeoffs involved. The first set of stud-
ies along this line were mostly designed for special
classes of networks like trees [SK85], complete networks
[VLT86], and grids [vLT87]. Then routing schemes for
general networks were presented in [PU89], [AB+490]
and [AP92]. These studies focused on the design of
routing schemes with compact routing tables and low
stretch factor. The stretch factor of a routing scheme is
defined as the maximum ratio, over all pairs of nodes in
the network, between the length of the route provided
for them by the routing scheme, and the actual distance
between them in the network.

Unfortunately, most of the success in this field is
for static networks. Few papers consider the dynamic
property of the network. The following quotation is
taken from [SK85]: “In actual network the topology
may vary in time; in particular, nodes or links may
be added or deleted”. [SK85] present a partial solu-
tion for limited cases of topology changes that keep
the network in a tree structure. In [AP492], the
routing scheme of [AP92] is extended to the dynamic
case for general networks. However, as argued in
[AGRR89], network changes in static routing schemes
(such as [PU89, AB+89, AP92] or the derived dynamic
scheme [AP+92]) “require expensive pre-processing to
reconstruct the routing scheme over the whole net-
work. The newly constructed structure is used until
the next change...”. In contrast, [AGR89] design a rout-
ing scheme for the restricted case of dynamic growing
trees. The solution of [AGR89] can handle neither link
nor processor failures, nor can it be applied to the case
of general graphs.

The papers mentioned above all deal with the tra-
ditional point-to-point communication model. Those
solutions are not applicable for fiber optic high-speed
networks, since the stretch measure (based on actual
distances) is no longer the predominant cost parameter
relevant to such networks,; given their specific charac-
teristics. Furthermore, the issue of adaptability is not
handled by any of the above papers. In particular, the
solutions provided in the above papers for the dynamic
version of the problem might require data-base updates
in all the nodes of the network following a single topol-
ogy change.

Recently, [GZ94, CGZ94] presented static routing
schemes for high-speed networks. The schemes stat-
ically assign links along a path to act as a virtual
long link. Both papers attempt to simultaneously op-
timize three cost parameters, namely, the super-hop
count, the stretch factor and the link load. However,
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Figure 1: Comparison of Routing Schemes

[GZ94, CGZ94] as well do not address adaptability ex-
plicitly, and in the resulting solutions a single topology
change may in some cases require the entire routing
data-base to be updated. Hence the solution might be
impractical in a dynamically changing environment.

Contributions of this paper: In this work we present
the first dynamic routing scheme for high-speed net-
works. We present a family of hierarchical bubbles
schemes. The intuition behind this structure is the be-
havior of natural bubbles. Assume a partition of a space
into bubbles. Whereas bubbles may shrink (members
are disconnected) or expand and/or blow up (new mem-
bers are inserted) we want to avoid total change of the
bubble structure upon a change at a single bubble. We
define an upper and lower threshold for the size of a
bubble. When the upper threshold is reached the bub-
ble is split into two bubbles. When the lower threshold
is reached the bubble is combined with a single neigh-
boring bubble which “swallows” the small bubble (and

then is split if necessary).

The Bubbles scheme exhibits a tradeoff between the
number of super-hops needed for routing on the one
hand, and the adaptability and memory requirement
parameters. Namely, the more super-hops are allowed,
the less memory is needed to store the routing data-
base, and the more efficient it becomes to adapt the
scheme to dynamic changes. Denote the maximum
number of neighboring nodes with which each node in
the network may be directly connected by é. For the
case of constant § we prove that our scheme is optimal
in its adaptability by presenting a matching tight lower
bound. Note that this is the case in many settings in
reality, where the number of communication ports of a
single processor is limited. Our bubble routing scheme
is a combination of a distributed routing data-base, a
routing strategy and a routing data-base update. We
present a distributed routing data-base update strategy
for dynamic changing networks.

The rest of the paper is organized as follows. The def-
inition of the problem and two examples for basic rout-

ing schemes appear in Section 2. These two schemes
are given as examples for our complexity measures and
a base for comparison with the bubbles scheme, which
is presented in Section 3. See Figure 1 for a summary of
the comparison among the different schemes (note that
we typically choose k to be a small constant with a value
that is much less than logn). Section 4 presents a lower
bound on the adaptability of any routing scheme. The
distributed update of the bubbles routing data-base is
sketched in Section 5. Concluding remarks are given
in Section 6. Most of the proofs are omitted from this
extended abstract.

2 Definition of the Problem

2.1 High-Speed Dynamic Network

We consider the high-speed model of a communication
network as described in [CG88]. The network is de-
scribed by an undirected graph G = (V| E'). The nodes,
V ={1,...,n}, represent the processors of the network
(where n is essentially an upper bound on the number
of processors in a connected component). The edges of
the graph represent bidirectional communication chan-
nels between the processors. FEach processor consists
of two components, a switching subsystem and a node
control unit that are connected by a virtual link. The
switching subsystem is a fast and simple hardware de-
vice that switches arriving packets to the appropriate
communication link or to its node control unit. Within
the switching subsystem each communication link (in-
cluding the virtual link to the switching subsystems’
node control unit) has a unique label. When a packet
p arrives at a switching subsystem and the header of p
contains at least one label, then the switching subsys-
tem removes the first label, [, and the shortened packet
is sent on the link with label {. The node control unit
of each processor contains the processing hardware and
software necessary to extract the information content of
messages (delivered in the packets), do internal compu-
tation, and generate packets to be forwarded to other
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nodes via the processor’s switching subsystem.

In this model a packet consists of the entire path from
the sender to the receiver. If a packet length is 50 bytes
and 6 is, say 5, then each processor might reach 5%°
other processors. This is more than enough for every
existing network. Moreover, note that the first packet
in a connection may mark the path (by the connection
identifier) for the next packets that are related to the
same connection — thus not every packet contains the
entire path. Due to the above network architecture,
it is assumed that a message sent from any processor,
P, to any destination, (), in the network may arrive
in one time unit provided the labels along the entire
path from P to @ are known to P. We refer to such
a routing step as a super-hop.? In case the entire path
is not known to P, the message may be sent through
a number of super-hops. In each super-hop, the sender
packs the message in a packet whose header contains the
route description to the next intermediate destination,
and advancing the message to that destination. Since
the overhead of preparing the packets dominates the
transmission time, the cost of the entire routing process
is proportional to the number of super-hops it involves.

The network is dynamic in the strong sense: proces-
sors and links may crash and recover arbitrarily. How-
ever, the number of edges connected to a node P, which
we call the degree of P, does not exceed some predefined
value. We denote the maximum degree of nodes in the
network by 6.

2.2 Complexity Measures for Routing Schemes

The routing of packets in the network is done accord-
ing to a distributed routing data-base maintained by the
node control unit and a fitting routing strategy and data-
base update.

Super-hop count: The super-hop count of a routing
scheme bounds the maximum number of super-hops (or,
packet generation and transmission steps) required in
order to send a message from one node control unit to
another. Obviously, a single packet transmission is suf-
ficient when every processor knows the entire topology
(including the link labels). Thus, the super-hop count
can be thought of as measuring the ratio between the
maximum number of packets generated by the routing
scheme and the optimal number of packets that must
be generated in order to deliver a message sent from
one node control unit to another3.

2 Certain routing models devised for ATM networks use more
elaborate mechanisms, and distinguish between several types
of “super-hops”, e.g., routing along virtual channels or virtual
paths. Here, we follow the simple, unified model of Automatic
Network Routing (ANR) of [CG88].

21t is interesting to note that in that sense, the super-hop

Memory: The memory complexity is the total number
of bits maintained by the node control units for the
routing data-structure.

Adaptability: A single topology change C occurs
when a single processor or a single link joins (or re-
covers) or leaves (or crashes) the system. Note that for
any two topologies (G; and (G2 there exist a finite se-
quence of single topology changes C1,Cs, ... that trans-
fer G1 into G5. For example the sequence can start with
adding all the processors that do not appear in G; but
do appear in G5, one processor at a time. Then links
are added in a similar fashion. Finally, links and then
processors are removed to form G5. Ideally a topology
change causes only a very limited number of proces-
sors to change their portion of the routing distributed
data-base. Thus, we choose the adaptability measure
to be the maximum number of processors that have to
change their portion of the routing distributed data-
base upon a single topology change. We first ignore the
issue of how the routing data-base is updated upon a
topology change and only count the number of proces-
sors that have to change their routing data-base. Then
we present a distributed update for the bubbles routing
scheme which we call bubbles update.

Distributed adaptability: is the maximal number of
node control units that have to participate in the dis-
tributed routing data-base update upon a single topol-
ogy change. Clearly, the distributed adaptability is
greater than the adaptability since every node control
unit that has to change its portion of the routing dis-
tributed data-base participates in the distributed data-
base update. In addition, other node control units may
participate in the distributed update without changing
their routing data-base portion.

2.3 Examples — Basic Routing Schemes

In this section we bring two simple examples for rout-
ing schemes that demonstrates the power of the com-
putation model and the importance of our performance
measures. The first routing scheme is called multiple
spanning trees the second is the single leader scheme.
Both schemes have adaptability O(n).

The simplest routing scheme for our network is the
multiple spanning trees routing scheme. The rout-
ing distributed data-base of the multiple spanning tree
scheme is a description of a spanning tree of the en-
tire topology at each processor. The routing strategy is
to use the entire path given by the routing distributed
data-base to each destination. The routing update has
to change the distributed routing data-base upon every

count of a routing scheme in the high-speed model essentially
plays a similar role to that played by the stretch factor measure
in routing schemes for traditional computer networks.
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processor addition and removal as well as upon removal
of a link used as part of a spanning tree by some pro-
cessor. The update would change the spanning trees
representation in an obvious manner. The super-hop
count of this scheme is clearly one, since a single packet
is generated for the delivery of a message. The memory
requirement is n?(logn+log &) since n(log n+log§) bits
are required in order to describe a spanning tree with
link labels for every processor (the description is by the
use of parentheses form). The adaptability is n because
a single recovery of a processor or a link requires the up-
date of the tree of every processor.

The second example is the single leader routing
scheme. In this scheme only a single processor, L, main-
tains the description of a spanning tree of the entire
network. Every other processor, P, has the path de-
scription to L, pathy. pathp is a list of link labels
that defines a path from P to L. The routing strat-
egy for delivering a message m to a processor @ is to
send a packet (pathp,@,m) to L and then L sends
a packet (pathg,m) to Q). A single failure of a link
(or the leader) may require n processors (n — 1 proces-
sors, respectively) to update their portion of the rout-
ing data-base. For the single leader routing scheme the
super-hop count is 2 and the memory requirement is
n(logn + logé) + n(n — 1) logé.

3 The Bubbles Routing Scheme

In this section we present our main result which is a
novel routing scheme for dynamic high speed networks.
We first introduce a new type of hierarchical partition-
ing scheme for general graphs, with certain desirable
properties. We then present a graph partitioning algo-
rithm that constructs such a partition. Then we ex-
plain how to maintain the properties of the partition
(most notably, the size bounds on connected compo-
nents) upon a dynamic change. Finally, we present our
routing scheme, which is based on the hierarchical par-
tition.

3.1 The Bubbles Partition

Definition 3.1 Given a graph G and parameters 0 <
a < b, an [a,b]-bubbles partition of G is a partition
of the nodes of G into disjoint connected components
called bubbles, P = {B',...,B"}, such that the size of
each bubble B (i.e., the number of nodes it contains),
satisfies a < |B| < b.

Let us next describe a partitioning algorithm based
on a technique presented in [Va8l]. Given a n-node
graph G with maximum degree ¢ and a parameter

1 < z < n, the algorithm produces an [z, éz] bubble
partition for G. As a preprocessing step, choose an
arbitrary node of the graph, R, and construct a span-
ning tree, 7g, rooted at R with edges directed towards
the leaves. The algorithm will partition this tree into
bubbles as described next (in Fig. 2). Theorem 3.1 is
implied by the existence of the partition algorithm.

Theorem 3.1 For every n-node graph G with maxi-
mum degree & and parameter 1 < z < n, G has an
[z,82] bubble partition. [ |

Next we define special hierarchies of bubbles partitions.

Definition 3.2 Given a graph G and a list of k integer
parameters & = (x1,22, -, &k, Lr41), where x1 = n,
x; > 0xi41 and xp41 = 1, a Z-hierarchical bubbles par-
tition of G is a collection of k partitions P;, 1 <1 <k,
with the following properties. (1) For every 1 < i < k,
P;i is an [z;, bx;]-bubbles partition. (2) For every 1 <
i < k, P; is a refinement of P;_1, i.e., each bubble of
level i is fully contained in some bubble of level i — 1
(or equivalently, each bubble of level i — 1 is partitioned
into bubbles of level i).

The hierarchical bubble partition of a graph is con-
structed level by level, where the level 1 partition con-
sists of a single bubble covering the entire graph. The
partitions are constructed by the following algorithm.
First, apply the preprocessing step used before algo-
rithm PARTITION, and construct the spanning tree 7g
for the graph. Then execute Algorithm HIERARCHY(Z)
described in Fig. 3.

Theorem 3.2 FEvery graph has a Z-hierarchical bubbles
partition. [ |

In the sequel, we choose the parameters z as z; =
[n(k=#+1)/k] " This choice satisfies the requirements of
the definition, so long as n'/¥ > §. We use B; to denote
a bubble at level i. For every bubble B; let 7(B5;) be
a representation of the subtree of the spanning tree 7
that spans the bubble B;. (In the sequel we refer to
both the description of the spanning tree and the span-
ning tree itself by 7(B;).) Thus each of the k partitions
P; defines a forest F; = |Jgep, 7(B). We note the fol-
lowing properties of the hierarchical partition. Since
each bubble of level 7 is composed of the union of some
bubbles of level i+ 1, the spanning tree 7 (5;) is a com-
bination of the spanning trees of those bubbles. Hence
Fiy1 C Fi*forevery 1 <i < k—1, and Fy, correspond-
ing to the single bubble containing the whole network, is

4We say that Fit1 C F; when every tree in F; 1, is a subtree
in F;.
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the entire tree 7. These properties will be maintained
as invariants of the hierarchical partition throughout
the updates performed upon topology changes, and are
important for the analysis of the scheme, as will be
shown in the sequel.

3.2 Dynamic Maintenance of the Partition

In order to use the Bubbles partition over time in a
dynamically changing environment, it is necessary to
be able to maintain a legal partition in the presence of
link and node failures and recoveries. One point that
we need to address first when dealing with the dynamic
case is that of failures that disconnect the network. Our
policy in such a case is to treat each connected compo-
nent separately, but still using the global parameters z.
This has the implication, that certain connected compo-
nents cannot be partitioned in some of the lower levels
of the hierarchy, since they are too small. In particular,
if a certain connected component G’ of the graph has
less than #; (but at least #;41) nodes, then on levels 1
through ¢ there is a single bubble encompassing the en-
tire connected component, and this bubble is said to be
tllegal, since it is smaller than the allowed lower bound.
The implication of such situation is that once a con-
necting link recovers, it is necessary to reorganize the
partition in order to “legalize” the bubble structure.

We now present the strategy for handling each topol-
ogy change. For now, the strategy we describe is
centralized, as if an outside operator changes the dis-
tributed routing data-base. Later, in Section 5, we dis-
cuss a distributed implementation of our maintenance
strategy. We use the following definition.

Definition 3.3 Two bubbles B} and B} both at level |
are said to be tree-neighboring w.r.t. the level | — 1
forest Fi_1 if there exists an edge of F1_1 that connects
them. We refer to this tree link as the connecting link

of T(B}) and T(B}).

Our maintenance activities are based on em-
ploying two basic operations, or “procedures”,
CoMBINE(B;, B)) and SPLIT(;), described in Figures
4 and 5, responsible for combining and splitting bub-
bles, respectively. These two basic procedures are used
as building blocks for our update operations. Let us
next describe another procedure, that handles the re-
moval of a link e from the forest of spanning trees of the
level I bubbles partition, F;. This removal can be the
result of either the link’s failure, or the restructuring
of bubbles at the next lower level, [ — 1, that caused
the removal of this link from F;_;. In any case, it is
assumed that e does not appear in F;—;. The compu-
tation of the new forest F/, that no longer contain e, is
based on the current forest for level [ — 1, F_1, in the

sense that the only edges that are added to F/ during
the procedure’s execution are also edges of F;_1. The
procedure REMOVE(e, F7), described next in Figure 6,
relies on the assumption that both F;_; and F; span le-
gal bubbles partitions (of level {—1 and [, respectively).
However, it is not assumed that F; is a refinement of

Fi-1.

It is important to understand that because of the way
procedure REMOVE removes a link (namely, trying to
merge the resulting portions of the broken bubble with
neighboring bubbles, and then splitting the combined
bubbles to regain the size bound), it might happen that
a single link removal at level [ can cause more than
one link removal at the next level {4+ 1 (in fact, up to
three). Hence, a single topology change of the form of
a link failure might result in up to 3'~! link removal
operations in each level i. Consequently, whenever we
need to remove an edge from the partition of some level
1, we typically need to immediately fix the partitions of
all higher levels, ¢ 4+ 1 through k&, as well. This is done
via procedure REMOVE_ALL.

The procedure fixes the Bubbles partitions P; at each
level ¢ <1 <k, one at a time, starting from level ¢ up.
At each level [, the procedure outputs a corrected for-
est F/. The computation of the new bubble partition of
level {, P;, and the corresponding forest F/, is based on
the recently computed forest for level { — 1, F/ ;, and
the old forest F; of level [ before the topology change.
Suppose the procedure already computed the new par-
tition up to and including level [ — 1. As a result, there
is a number of edges that appear in F; and do not ap-
pear in F/_; (since they have already been removed on
that level). The procedure removes each tree link of
Fi— F_, ={ei,e2, -, en} from F;. This is done se-
quentially, edge by edge, and the forest F; is modified at
each edge removal step to reflect the change. Hence the
sequence of link removals creates a sequence of forests
Fi = .77,(0),]7,(1), . ..,}'I(m) = F|, where the update for
removing e; leads from f,(]_l) to .7:,(]).

It remains to describe the modification of the forest
.7-",(]_1) due to the removal of ¢;. If ¢; is not in f,(]_l),
then nothing need be done. Otherwise, if the removal
of e; causes the partition of some bubble, then we in-

voke procedure REMOVE(e;, }',(j_l)) to remove the edge

and correct ]-',(J_l) into f,(]). Again, it is assumed that
e does not appear in F;_;, and all edges added to F/
or higher partitions during the procedure’s execution
belong to F;_1. The procedure relies on the assump-
tion that initially, F; (for every i — 1 < ! < k) spans
a legal bubbles partition. Procedure REMOVE_ALL is
described formally in Figure 7.

Note that the lemma above holds for the case of legal
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bubbles i.e., the connected component includes at least
zy nodes. Similar arguments hold for the case in which
the connected component is small. Till this stage we de-
scribed algorithm to construct the bubble partition and
basic procedures for maintaining the partition. Now we
detail how those procedures are invoked in every of the
four possibilities for topology changes.

Link Removal: If the removal of the link e does
not partition the spanning tree of any bubble then no
change of the hierarchical bubbles partition is required.
If the spanning tree of a bubble is disconnected by re-
moving e, then the link removal is handled at each level
starting from level one up. At level one, if the com-
munication graph is still connected then a non-tree link
is promoted to be a tree link in order to retain the
connectivity of the entire spanning tree, 7. The re-
moval itself is then performed by applying procedure
REMOVE_ALL(e, 1).

Link Addition: An addition of a link that does not
connect two previously separated connected compo-
nents does not change the routing data base. An addi-
tion of a link that does connect two previously discon-
nected components G’ and G” is handled as follows. Let
7 (By) and T(BY) be the spanning trees of G’ and G”,
respectively, before the link addition. Connect 7 (BY)
with 7(BY) by invoking procedure CoMBINE(B], BY)
using the new link, to form a spanning tree 7(B;) of
the new connected communication graph.

Continue with levels 2 up to k one at a time. For level
2 < i < k, if the new link connects two legal bubbles
then no update operations are triggered by level 2. Oth-
erwise, when the new link connects at least one illegal
bubble, then combine the illegal bubble with the new
tree neighboring bubble (using procedure COMBINE),
and split the combined bubble (using procedure SPLIT)
if necessary. The split operation may result in the need
to remove a link e at the next level. This is handled by
invoking the link removal procedure REMOVE_ALL(e, ¢)
described above. Then the update for level ¢ + 1 may
be started.

Node Addition or Removal: Both the addition and
the removal of a node can be described in terms of
addition and removal of links. The addition is han-
dled by first adding a link that connects two separated
connected components one of which is the single node.
Then adding the rest of the links one by one. Node re-
moval is done by removing one link at a time and then
removing the node.

In order to argue about the correctness of the dy-
namic update procedures, two main claims need to be
established, namely, that at the end of each update op-
eration, each partition P; is a legal [z;, §;]-bubbles par-

tition, and that the entire hierarchy is a hierarchical
bubbles partition. These claims are naturally implied
by the properties established earlier regarding proce-
dures REMOVE and REMOVE_ALL.

3.3 The Routing Scheme

Next we describe the distributed routing data-base by
the use of the bubble partition.

Routing Distributed Data-base: Start by con-
structing a hierarchical bubbles partition for the net-
work. For every bubble By, at level k, define the nodes
that reside in By, as its members, and choose one of these
nodes to be the leader of the bubble, denoted L(By). In
general, for level ¢ < k, define the members of a bubble
B; to be all the leaders of level i+ 1 bubbles that reside
in the connected component of B;, and choose one of
these members to be the bubble’s leader, L(B;). (The
single bubble of level one, By, will have no use for a
leader.) The tree 7(B;) is known to every member of
B;®. Note that in particular, every member of B; main-
tains in its memory 7 (B;), which is a spanning tree of
the entire communication graph.

Routing Strategy: P delivers a message m to a pro-
cessor () by the following procedure:

Let 41 > k be the lowest level in which P is a member,
and let B;, be its home bubble. Then P searches for
Q in the spanning tree description 7 (B;,). If @ is not
found in 7 (B;,) then P sends the packet (pathr,, @, m)
to Ly = L(B;,), the leader of B;,.

This leader, L1, repeats the process. lL.e., let 15 <1y be
the lowest level in which L is a member, and let B;, be
its home bubble. Then L; searches for () in the span-
ning tree description 7 (B;,), and if @ is not found then
L; sends the packet (pathr,, @, m) to Ly = L(B;,).
This process must terminate (at a member of By in the
worst case) since every member of B; has a spanning
tree description of the entire communication graph,

namely, 7 (By).

Routing Update: Whenever we apply procedure
CoMBINE(B;, B'), the members of the combined bub-
ble has to be updated regarding the new tree. Likewise,
whenever we apply SPLIT(8;), the members of the two
split bubbles have to be updated. Finally, upon adding
a new link for reconnecting the tree 7, every member
of By (namely, every level 2 leader) is updated with the
new tree 7, similar to any other COMBINE operation.

Theorem 3.3 The bubble routing scheme has the fol-
lowing properties: (1) Super-hop count = k. (2)

5For load balancing reasons, the representation of the span-
ning tree can be extended to include the full topology of the
bubble by increasing the memory requirement by a factor of 6.
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Memory requirement = kén't'/%(logn + logé). (3)
Adaptability = 3%62n'/* in the node-failure model, and
356ntl% in the link-failure model. ]

3.4 Improved Partitioning — Edge-Bubbles Par-
tition

The Bubbles routing scheme as described above is ef-
ficient when ¢ is small, and in particular, for bounded
degree networks there is a little significance to this fac-
tor. However, if 6 is large (close to n), and we consider
only link failures, the Bubbles scheme may not compare
favorably even with the simple Multiple Trees scheme,
because of the occurrences of 6 in the expression for
adaptability (and in the expression for memory). For
such a case it is desirable to get rid of the dependence
of the complexities on 6. Note that a é factor for the
adaptability is inherent to the problem if we consider
a model that allows node failures and recoveries. This
6 factor is based on the fact that a node addition can
cause the connection of ¢ previously disconnected com-
ponents.

We now sketch a modified partitioning scheme called
the edge-bubbles partition, that eliminates a 6 factor (oc-
curring in both the bound of adaptability and memory)
at the cost of using a somewhat more complex partition
and algorithm. In order to partition the communica-
tion graph into node disjoint connected components,
the bubble scheme presented above allows the range of
the bubble size to be [z,6z]. It turns out that it is
possible to form a bubble-like partition of a tree into
edge-disjoint trees (i.e., with bubbles possibly sharing
nodes), such that the size of each tree is between z and

3x.

Definition 3.4 Given a graph G = (V, E) and param-
eters 0 < a < b, an [a, b] edge-bubbles partition of G
is a (possibly node-overlapping) cover of V. by a col-
lection of edge-disjoint connected trees called bubbles,
{B1,...,By}, where B; = (Vi, E;), with the following
property: E; N E; =0 for every 1 <i< j<gq.

We next present an overview a partitioning algo-
rithm, that given a n-node graph G and a parameter
1 < @ < n, produces an [z, 3z] edge-bubbles partition
for G. The new algorithm is similar in nature to the
PARTITION algorithm of Figure 2. The essential differ-
ences between the two algorithms are that (i) Mp is the
total number of edges in the subtree 7p, and (ii) The
treatment of a node P found in step (2) of the algo-
rithm, namely, a node P satisfying Mp > z, such that
all of P’s children @ satisfy Mg < z, is different: For a
particular edge e from P to one of its children, @, we

define a subtree, 7., rooted at e to be the subtree rooted
in @ together with e. Recall that the previous algorithm
simply makes the subtree 7p rooted at P into one bub-
ble, containing, in particular, all the subtrees rooted at
P’s children. In contrast, the new algorithm will select
some of the subtrees 7, rooted at P’s outgoing edges of
total size greater than z but not exceeding 2z. The se-
lected subtrees are now merged into an edge-connected
bubble. This bubble is removed from the tree. This
modified definition of a bubble partition creates some
difficulties also at the stage of the dynamic maintenance
of the partition. We again defer the details of handling
these complications to the full paper.

Theorem 3.4 The edge-bubbles routing scheme has
the following properties: (1) Super-hop count = k.
(2) Memory requirement = kn't/*(logn 4 logé). (3)
Adaptability = 3%6n'/*% in the node-failure model, and
35nl/% in the link-failure model. [ |

4 Lower Bound

In this section we give the main ideas for our lower
bound on the adaptability for graphs with bounded
degree 6 and super-hop count k. Given any source-
oblivious routing scheme with super-hop count k& we
build a spanning tree 73 as follows. The root of the
spanning tree is a processor P. Assume that every pro-
cessor is to send a message m to P, and connect each
processor ) with the destination of its first (super-hop)
packet when @ sends m to P. The depth of a tree is
the maximal number of edges from the root to a leaf.
Clearly, because the super-hop count is not greater than
k the depth of 7; is no more than k. Thus, there ex-
ists at least one node, ), in 7; with at least (n/?)l/k
children. The node ) is connected to the rest of the
processors in G by at most 6 links. Thus, by the pigeon-
hole principle there must be a link, (@, R), used by a
set C of at least (n/2)'/*/§ processors in sending their
first packet to carry the message to P. It is easy to see
that a removal of this link (and addition of at most one
other link to maintain connectivity if necessary) implies
Q(n'/*) adaptability.

Theorem 4.1 In a bounded degree network, any source
oblivious routing scheme with super-hop count k has
adaptability Q(n'/*). [ ]

6Note that the resulting bubbles are of size [z,3x] since the
partition of the last bubble into two bubbles of size in the range
[z, 2z] might not be possible in the case P has three outgoing
edges for which the subtree rooted at each of them is of size less
than z but greater than say, 3z /4.
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5 Distributed Bubbles Update

So far we have not been concerned with the issue of how
to distribute the bubbles update algorithm. Still the
above upper bound for the adaptability of the bubble
routing scheme is useful for the case of manually adding
and removing links and nodes. This is the case for
telephone networks where new users may be connected
and existing users may be disconnected. However, our
results are made stronger by handling automatically
topology changes while keeping the low adaptability.
For the sake of keeping a low adaptability we introduce
a distributed bubbles update algorithm that can cope
with transient failures and recoveries as well as perma-
nent disconnection and connections.

The main idea for the distributed bubble update is to
have the processors neighboring a topology change to
be the monitors of the change. When several monitors
exist for the same connected component then all but the
monitor with the highest identifier stop being monitors.
The task of the (left) monitor is (1) to collect informa-
tion on the tree structure it belongs to and on the ex-
isting routing data-base, (2) to try to merge with other
neighboring trees and (3) to modify the existing routing
data-base to fit the current topology. The modification
should be performed in a way that involves the least
number of node control units. The monitor uses addi-
tional features of the switching subsyetm to support a
propagation with feedback procedure that collects in-
formation on the existing data-base of the connected
component to which the monitor belongs. Then the
collected data-base is used for determining the correc-
tions required. Further details are deferred to the full
version.

6 Concluding Remarks

In this paper we defined new measures for the efficiency
of routing schemes for high-speed dynamic networks.
We presented the concept of bubble-partition of a graph
to support the routing in high-speed dynamic networks.
Our routing scheme is efficient in terms of the number
of routing steps (super-hop count), memory, and adapt-
ability. The routing scheme also support load balanc-
ing of traffic by allowing each processor to forward a
message along a randomly chosen path within its bub-
ble (the path does not necessarily belong to the bub-
ble tree). The scheme had been proven optimal in its
adaptability for bounded degree networks by a match-
ing lower bound.
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(1) Mark every node P in Tg by Mp, the total
number of nodes 1n the subtree 7p rooted at
P.
If Mp < 6z then make 7g into a bubble and
terminate.

(2) (a) Find a node P with Mp > z, but all of
whose children @) satisfy Mg < z.
(b) Make 7p into a bubble.
(¢) Remove this bubble and the edge con-
necting P to its parent from the graph.

(3) Assign Tg to be the connected tree rooted at
R following (2), and goto (1).

Figure 2: Algorithm PARTITION(%).

For i =2 to k do:

(1) Apply algorithm PARTITION(z;) separately to
every bubble of the previous level partition
P;_1. Use the portion of 7g that spans the
bubble at level 7 — 1.

(2) Add the resulting bubbles to the current level
partition P;.

Figure 3: Algorithm HIERARCHY(Z).

Input: Edge e for removal, forest F; spanning a
legal partition.

Action:

The removal of e; causes the partition of a single
bubble, say B, into two portions, B; and By’
For each of these two portions B do:

1. If the size of B is still greater than z;41, then
make it into an independent bubble without
change.

2. Otherwise, if it is too small, then do the fol-
lowing;:

(a) Find some bubble B of F; that is a tree
neighbor of B w.r.t. F_1.

(b) Merge B and B through invoking proce-
dure CoMBINE(B, B).

(c¢) If the combined bubble includes more
than éz;41 nodes, then split it using pro-
cedure SPLIT.

Output: Forest 7.

Input: Two tree-neighboring level [ bubbles Bj
and By

Action:

Connect 7(B;) and 7 (B}’) using their connecting
link.

Output: A combined bubble B;.

Figure 6: Procedure REMOVE(e, F7).

Figure 4: Procedure CoMBINE (B}, BY').

Input: A (typically oversized) bubble B;.

Action:

Select one of the nodes of 3; to be the root R.
Direct 7 (B;) from R towards the leaves.

Execute steps (1) to (3) of Algorithm
PARTITION(27).

Output: An [z}, éz;]-bubbles partition of B;.

Input: Edge e for removal, forests F; for ¢ <1 <
k spanning legal partitions.
Action:
Let F] — REMOVE(e, F3).
Forl=1i+1to k do:
1. Let Fi — F{_; = {e1,ea, -, em}.

2. Let F{” — 7.
3. For j =1 to m do:

If e; is in f,(j_l), then invoke f,(j) —
ReMovE(e;, 0 Y).
4. Let F| — F™.

Output: Forests F| fori <1< k.

Figure 5: Procedure SPLIT([;).

Figure 7: Procedure REMOVE_ALL(e, ).
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